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ABSTRACT

The need for a method of determination of an optimum
transfer trajectory between two state vectors arises frequently
in multiple impulse optimization techniques. An analytical
solution formulated by Mr. F. T. Sun in a recent AIAA Journal
provides such a method for the two-impulse transfer that
minimizes the sum of the AV requirements at the terminal states.
Mr. Sun's technique requires significantly less computation
than normal iterative routines.

The methqd is presently being used in a three-impulse
lunar orbit insertion optimization program to determine the
minimum total AV given the initial and final state vectors and

the position vector for the second maneuver.
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Introduction

A common problem in trajectory analysis involves
determination of th. transfer trajectory that minimizes the
total AV required between an initial position and velocity
and a decared final position and velocity. F. T. Sun has
formulated in Reference 1 an analytical solution for this
optimum two impulse transfer trajectory. A FORTRAN subroutine
TOHSUN has been written implementing his formulation.

Summary of the Analytical Solution

The problem is formulated in Reference 1 using a
pair of oblique velocity coordinates (VC, VR), the components

parallel to the chordal and local radial directions respectively
(see Figure 1B). If the transfer angle (y) is not equal to
180 degrees all the possible transfer trajectories will lie
in a unique plane defined by the two position vectors. The
transfer velocities at each terminal are related as follows

Vo1 = Voo and Vo, Vpy = Vop Vpp = g tan (v/2) (1)

where y is the gravitational parameter and d is defined as
shown in Figure 1B. These relations are derived in Appendix D.

Using these relations and the geometrical properties
as shown in Figure 1, an analytical expression for the AV re-
gquirement at each terminal can be developed by use of Figure 1
and the cosine law.

1/2

_ _ - 2 _ L5
AV = (V5 o+ Vg 2Ng; Vo - 2Mg, Vp + V. 25 tan /2 cos ¢J) (2)

0i 0i ri’ Noi = Voi ° €cj and for i =1, 2
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where e represents a unit vector with the direction denoted
by the subscript.

Upon summing the AV's, differentiating, and equatiag

a e .1 .
to zero, the foliowinag octic™ equation results.

8
n —
Y cal <o o

2 2
Cg = No1 = No2 = Po1 + Po2
C, = 4K(Myy = Myy) + 2N Ny (Ngyy = Ngy) + 2(Ngo Py; = NoPoy)
C. = 2K(N..M.. - NM_. + 4N .M . - 4N..M ) + (N-2?P . - N..%P )
6 o0Mo2 = NoiMox 01Mo2 o2Mo1 o1 Fo2 ~ No2 Poi
_ 2 - -
Cg = 4K"(Nyy - Nyy) + 4N Nqoy (Mg = Myo) + 2K(Mg Py = Moo Poy) +
2 2
2K(My Ny = MgoNgp)
2.2 2 2 2 _
c, = K2 Mg, ” - Mg,” + Ny % - Ng,® + 2Py - 2B ,) +
2K Ny Mo Py — NoiMoiPo))
C.o= 4K3 (M. - M_.) + 4K°M_.M__(N.. - N..) +
3 02 ~ Mo1 o1Mo2Mo1 = N2

2

2 2
2K” (N + NOlMOZ - NOZMOl )

o1Fo2 ~ Noz2Fo1

lThe coefficients C3, and C5 are incorrect in the reference

but have been corrected here. An errata has been submitted to
the AIAA Jorunal by Mr. Sun.
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= o3 - -
Cp = 2K7 (NopMop = NppMop + 4NgoMpy = 4N Mgo) +
2 2 2
K™ Mgy Po2 = Mg Poyp)
C=4K4(N -N)+2K3MM(M -M)+2K3(MP - M .P_.)
1 01l 02 01 02" 702 0ol 02701 01" 02
_ 4 2 2
Co = K (Mg~ = Mpp™ — Poy + Py)
with
M.. =V . -V . . .
O1i RO1 COi cos 05 these relations are equiva-
lent to the previous defi-
NOi = VCoi - VRoi cos ¢i nitions of MOi and NOi'
P —V2—2KCOS
oi = Voi 3
and (i=1,2)

K = (y/d) tan (y/2)

The correct root of the octic defining the optimum
two impulse transfer trajectory is obtained by first determining
two other unique pairs of transfer trajectories between the two
terminal conditions. One pair of trajectories represents the
"single impulse optimum" posigrade and retrograde transfer
associated with the initial state vector. This single impulse
optimum transfer is that member of the family of trajectories
passing through the initial and final position vectors that
requires the least AV at the initial maneuver. The second pair
is the posigrade and retrograde transfers associated with a
minimum AV at the final maneuver.

These single impulse optimized cases are defined by
differentiating Equation 2 and setting the result equal to
zero. This yields the quartic equations

4 3 2 _ .
Vi = NojVes™ + KM Vo, - K“ =0 (i = 1,2)
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The two pairs of single impulse optimum solutions arise as the
real roots of these two quartic equations. While the positive
pair represent roots for one direction around the central body,
the negative set are the roots for the opposite direction. With
some minor exceptions representing extreme situations (see
Reference (1)) only two real roots exist for each quartic
equation.

For a given type of transfer trajectory (e.g. posi-
grade) we have the following inequalities:

IAV1*| < IAvl**l < |AV1|

‘Avg*l < lsz**| < |AV2|

where a single asterisk indicates that the velocity impulse has
been minimized only at the specified terminal point, a double
asterisk denotes the optimum two impulse transfer AV at the
given terminal, and no asterisk denotes the velocity impulse
required at the specified terminal when the AV has been minimized
at the other terminal point.

TOHSUN uses this fact to define the regions in which
to search for the proper roots of the octic (Equation 3). This
method avoids calculating or using superfluous roots of the
octic equation.

After determining the magnitude of V and V

the roots of the octic, the values of V

cl from

Rl and VR2

by the geometry as shown in Figure 1 and the relationship in
Equation 1.

Cc2
are determined

This method is repeated for retrograde transfers. The
posigrade and retrograde two-impulse optimums are then compared
and the one with the lowest total AV is selected as the best.

A description and listing of FORTRAN subroutine TOHSUN is included
in Appendix A.

Under the present structure of the program the angle
of separation between the two terminal position vectors must
not equal 180 degrees. The 180 degree case also has an analytic
optimum but requires a unique formulation and is not included
in TOHSUN.
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Applications

TOHSUN is presently being used to determine the best
transfer trajectory from a given pre-maneuver state point to
a given post-maneuver state point as one link of a three impulse
lunar orbit insertion optimization program. A simple iterative
technique is used with TOHSUN to determine optimum three impulse
transfers between two terminal conditions and a given inter-
mediate position vector.

A transfer trajectory between the initial condition
and the intermediate position vector is found with TOHSUN by
assuming a reasonable velocity at the intermediate point. Using
the pre-maneuver velocity at the intermediate point determined
by TOHSUN, an optimum transfer to the final conditions is deter-
mined by a second use of TOHSUN. The post-maneuver velocity
determined here for the intermediate state becomes the input
for the next call to TOHSUN from the initial condition point.
This flow is repeated until the pre and post-maneuver velocities
at the intermediate position vector stabilize.

The total optimum 3 burn lunar orbit insertion requires
selection of the best set of terminal conditions and intermediate
position vector. The initial conditions are determined by the
energy and momentum associated with the lunar approach hyperbola
as well as the true anomaly at which the first maneuver is made.
Final conditions are defined by specifying the position on the
desired lunar orbit. The magnitude of the intermediate position
vector is constrained by the maximum flight time allowed for
the maneuver. Selecticn of all these parameters must be made
external to the above iterative scheme involving TOHSUN.

N £ 4T M

2013—EAM-srb E. A. McGinness

Attachments:
References
Appendices
Figures 1, D1, D2
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Appendix A

TOHSUN

Calling Sequence: CALL TOHSUN (VOlX, ROlX, V02X, RO2X, VI1BST,
V2BST, BSTDV1, BSTDV2)

Input:
V01X (3) Initial velocity at first position vector
RO1X(3) First position vector
V02X (3) Terminal velocity at second position vector
RO2X (3) Second position vector
Output:
V1BST(3) Transfer velocity at first position vector
V2BST (3) Transfer velocity at second position vector
BSTDV1 Magnitude of the velocity increment vector
at first position vector |V1BST-VO1X|
BSTDV2 Magnitude of the velocity increment vector
at second position vector |V2BST-V02X|
Desérigtion:

TOHSUN determines the minimum AV two-impulse transfer
trajectory between two position vectors* whose angle of separa-
tion is not equal to 180°. The method used is to find two

specific roots of an eighth degree polynomial in the variable VC -

the chordal component of the transfer velocity. These roots are
constrained to lie in two intervals - one corresponding to a
positive chordal component and the other corresponding to a nega-
tive chordal component.

*The program listing given here is designed for lunar tra-
jectories. The user need only modify GMM to a suitable value for
whatever central body is desired.
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In order to establish these intervals the single impulse
transfer trajectories that yield the minimum AV at each terminal
are found. The endpoints of the intervals correspond to the
chordal components of the minimum single impulse transfer velocity
vectors. These numbers are the solutions of two quartic equations
and are found by the subroutine QUART.

The octic equation is then solved for the desired roots
within the intervals by subroutine OCTIC. The method used is a
variation of the Newton-Raphson technique. 1In the event that
OCTIC cannot find a root in a specified interval, the value of
the variable V., is selected which corresponds to the smallest abso-
lute value of %he octic equation that has been computed. If this
occurs an error message is printed and the program continues. The
coefficients and roots of the octic equation as well as those of
the two quartic equations are computed in double precision.

The transfer velocities corresponding to the two roots
of the octic equation are then computed. These two solutions are
the posigrade and retrograde trajectories connecting states 1 and 2.
The set requiring the lowest total AV is selected as the best and
returned as V1BST and V2BST together with the corresponding magni-
tudes of the velocity increments BSTDV1 and BSTDV2.
TOHSUN calls the following subroutines:
a) OCTIC - see Appendix B
b) VALUE, DOT, CROSS - BCMASP vector subroutines

c) QUART -~ see Appendix C.
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o SUBROUTINE -TCHSUN(VO1X+RO1X» V02X, RO2Xs VIBST V2BST/BSTOVLFBSTOV2) .
| DOUSBLE PRECISION COEFL(5)sCOEF2(5) yXR(4) XTI (4)
— e DOUBLE-FPREC {5100-RDBL-(2)
DOUBLE PRECIS1ON C(9)
e -———DOUBLE -PRECIS 101 -H01 s MO21NOT 1 N02+ PO/ PO2 K —
‘ DOUBLE PRECISLON AArD3sAAAsBBEIPOST ¢ POS2s XNEGL s XNEG2
—— DIMENSICN VIBST(3) 9 V235TA3) —— e
DIMENSIGH Vi{3),V2(3),SuR0O2X(3)
e DIKENS TGN -VOL AL 3 )0 ROLXA B 4 VO2XAB) 1—RO2XA3) 0~ CHRDLX (3]
| 1 +F1(8)r VR(3)r VC(E)y F2(8)
e DEMENSION- SUNFA2) e oo

—

C
_Co —_SET CONSTANTS _AND-ESTABLISH_VARIABLE VALUES - — - -
. C
[ —— MTR, = le—/A— e 30HE -
3 PI = 3.141592065
e BMM-T  4,902776E3 ¥ (1000 % FETMTR)- #% -3 - - e
: DLVBST=1.0E+10
e RC2ZVALUE (RO2X)- — - - — _
: RG1=VALUE (RO1X)
— e DO A0 AR 3
: 100 CHRDIX(1)=RO2X(1)-RO1K(I)
L ChrD1= VALUE (CHRULX).._~ . e
i CHORD = CHRD1
fo . ...CUSPSY .= (DOT(ROLXy RO2X))/ROL/RO2 .o
: PSI = ACOS(COSPSI)
e ee - COSPHL1 = DOT(CHDLXy _ROIX) / CHRDI /£ RO1 .
g Pii1 = P1 = ACOS(CUSPHL)
... CGSPH2 = DOT(CHRDE1Xs_ RO2X)_/_CHRDY /. RO2. . . R -
‘ Pr2 = ACOS(CCSPHI2)
e D= SIN(PHI) o+ RO U — — —
: K = Grs / D * THN(P 1/24)
e = NG S VALUE (VO LX)
‘ V02 = VALUE(VO2X)
e MC1 = DOTUVOLX,y ROLIX) /ROl —— — e
- DO 142 KKJ = 1» 3 .
A2 SEROZA(RRI) = =ROZX(KAJ) - e - - B , -
‘ MC2 = [DOT (V02X» SWRO2X) / RO2
e ~~N(‘1~~-~—~{)OT AVC LA r—CHRIY IR ) ~/-CARDL
P NC2 = LOT (V02X CHRULIX) / CrRDC1
}~~w-ﬂ~w-P017:,VQ1 kk 2= Pe--k K K COSIPHL) e e e e
: PC2 = V(2 *% 2 ="2. ¥ K * COS(PH2)
= REDUCE- =1 4 E5- — — — R
i MC1= f»‘Ol/NEDUCL
e MG 22 M0 2 /AREDUC L
, NCIZNO1/REDUCE
;_*~_-__wmc2 HO2 /REDUCE. S —
: PCL=PO1/REDUCE*%2,0
e PC2ZPO2/REDUCE**2 ¢ 0 e e - - -
K=K/REDUCE*%2.0
—20C — -
C DLFINL_ COLFFICILFHS OF THE OUARTIC EQUATIOMS
\ COEF1(1)=1.0



: ’ - A4 ~ S S -
:A'—"— - e —

CCGEF2(1)=1

——————— CGEF1(2)=-NO1- - - e e
CUEF2(2)=-N0o2

————CUEF1(3)=0s0 —~- - e
CCEF2(3)=0.0

= COEF L (4 }=K*M 0T -
CUEF2(4)=K*M02 :

———————— CCGEF 1 (5} =-Kx*c-- - —
COEF2(5)=—K**2

c SOLVE FOR R AL ROOTS OF QUARTIC EGQUATIONS

R oI .
CALL QUART(COEF1»XRy»XI)

DO 165 - E=h e 4 - =

. IF(XI(1)) 164,145,144

———145- - IF {XR{I1)} -—1469 147 »1 47 - - -

, 147 PCS1=XRD) '

e GO T O Rl e - —

\ lao  XNEGLI=XK(I) '

3 -~ CONT INUE -~ — — B ——

: Y=K/SHGL (XR(I))

165 -— —CONTINUE- e

CALL QUART(COEF2¢XRyXI)
(R o | JE F-SSW £ P S——

IF(XI(I)) 184,185,184

185 IF (XROI)). 18601874187 o

187 PCS2=AR(I)

e GO .TO 184 - e
! 186 XHEG2= XR(I)
184 CONTINUE -
: 166 CUNT INUE
C R e o _

C DEFINE COEFFICItNTS OF THE OCTIC EPUATION
G o e
: C(9)=NO1*¥2~N024*2-P0 L+P02

e L B) 2O (MO 1 =MU2) 22,101 XNO2 % (NO2= =MO1) +2%(N0O2%xP01=NO1%P02).

i C(7)=2xKx (HO24M02=-NO1#MO1+4%NOLHAMO2=-UxNO2+«M01 )+ (NO1**2%kP02-NQ2%%2
e —— *POl) e e R

C(o) = G, % K k. 2 * (NO? = NOl1) + 4., *x KxNO1 * N02 ~ (HOl -

e 1.MC2) 424 ¥ Ko¥ (1401_% P02 = _M02 *x_POY) .2, ¥ K % _(MO1_x NO2*%2 __ .

2 = MO2 % NO1 %% 2)

;--—_A¢ - CAS) TKx* 2% (0L &k 2=MO2 KK 2+N0 1 HK2=NO2 ¥ ¥ 24 2¥ RO L =2k P02 )+ 24 KA N0 2¥ MO

| . *PC1=NO1+M01¥P0Z)

e C(4) =4, x K okk 3R (MO2 = MOl) +. 4, % K x%k 2 % MOl x MO2 *_ .

l (NO1 = NO2) + 2. * K %% 2 *x (il01 * P02 - HO2 x POl + NOl1l *

§”n“;4 SMO2  kk_2- = 01 xk 2.k NO2) - S
C(I)z 24Kk Dk (NCL*pC2- NOl*M01+4*HO2*¢01—4*d01*d0?)+K**2*(M01**2

I- e K PO2-MO 2K %2 %P0 1)
' C(2)=4*k**Ux(NOL-NO2) +2xK*#3*MO1¥M02% (MO2~MO1 ) +2kK¥*3x (MO2*%P0O1
o =01 ¥P02) -

- C{1)SKx*iux (MOLkk2-MO2%%2—P0O01+P02)

e TEO(POSY L BT.POS2Y GO .TO 8000

An = POSI

e e B P0G e e e e
GC TO 8601
LBOO0D AN T POS2 o S
: sty = POS1 ]




. e S R gt at S .- e

8001  IF (XHEGL «GT. XNEG2) GO TO 8u05
e ARAE XNEG L e — - S
‘ BB = XNEG2

8005  AAA = XNEG2
e e BBB - E - XREG L - e -

G e - SOLVE- 0ETIC-EGUATION FOR-THE-DESIRED-TWO -REAL-ROOTS -

— 8310 -CAHLL OCTICACrAA BB rALA»BBB,RDBL) — —

el COMPUTE_THE _RESULTANI_VELOCITY VMECTORS _AND RETURN _THE PAIR WITH
¢ C THE LOWEST DELTA V
G e N e

DO 200 L = 1r 2
R, S-S B .. _ e I
VC(I) = RDBL(I) _
e e VR ALY SKAVCL T S —
: F1(I) = VC(I) *%x 2 + VR(I) #% 2 - 2,%NO1 * VC(I) - 2. * MOl %
1 VE(I) 4+ POl . L R
: FZ(I) = VC(I) #% 2 + VR(I) %k 2 = 2.4N02 % VC(I) - 2. * MO2 *
1 OVE(LY _+ PO2. - S . S

IF (F1(I)} .LE. 0.0) _".{ITF(0'999) I. F1(I)
e LD X SQRT (ABS(FA(IN )k _REDUCE —_
- 939 FORMAT(Y T =%, 12y ! F1(I) ='» G30.20)
e XF (F2(1) L WLE. 0. 0) _WRITE(62998) 1. F2(1)

Fe(l) = SORT(ABS(F2(I))) * REDUCE
,,,,, 998 . _ FORMAT(Y I =%y 12, Y. __ F2(I) =%y 630,20y ..
: SUMF(I) = FL(iI) + F2(1)
e PCR202 U= — —— —
» Vl(J)-VL(I)*CHRblA(J)/C1Rul+Vn(1)* ROLX(J)/ RO1
S 2VEGDY = VO(L) % CHRDIX(J) / CrRD1 #+ VROI) * SWRO2X(J) / _RO2_ S .
2ye CbNTINUE
e SUNMDLV :LJUMFLL)_“Htm_mm_ww,wmm_“ S _ o
: DLVT1 = F1(I)
e DLVT 2. 2 F20T0) e
‘ IF (SUMDLV=-DLVBST) 3001,3001,3002
o 3001 . DQ 3003 Jz=1.3 . S U

Vle1(J)-V1(J)*REDUCc
L3003~ VeBST(JII=V2(J) kREDUCE oo . S , — —

: BSTOV1 = DLVTL

e B S TOV 22 DL T2 ——
' DLVBST=SUkDLV

e 3002 CONT I o

200 CONTIWUE )

et RE T U = — _ e - U
‘ ErD

)
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Calling Sequence:

InEut:
C

Outgut:
RR

Parameters:

N

E

Description:

Appendix B

OCTIC

CALL OCTIC (C, A, B, Q, R, RR)

Nine element array of the coefficients of
the octic polyniminal -

cmxft=o

N

I=1

Lower and upper endpoints of the first
interval

Lower and upper endpoints of the second
interval

Two element array of the desired roots, or,
in the event OCTIC failed to converge, the
numbers corresponding to the smallest
absolute error.

Maximum number of iterations, N = 200

Error tolerance, E = 1.0 x 10713

OCTIC is designed to find two real roots of an eighth
degree polynominal, each of which lies in a specified interval.
The program uses the Newton-Raphson method of tangents to find
the roots (Reference 2). An initial guess at the value of the
root is necessary to start the iteration process. The midpoint
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of the interval is this starting value. If a root is found
which does not lie in the desired interval, or if no root is
found, a new iteration process is begun with the initial value

set equal to RO = G+(§ig) where G is the lower endpoint of the

interval and H is the upper endpoint. If an acceptable root
is again not found within 200 iterations, a third attempt is

made with the initial wvalue Ro = H—(Eig). If OCTIC fails to

converge an error message is printed out and the value of the
variable corresponding to the smallest absolute error computed
during the iterations is returned as the rcot. If OCTIC con-
verges the roots are returned as follows:

RR(1) root in the first interval

RR(2)

root in the second interval.




. e S e B3 e e e
L
e SUBROUTINE--OCTIC{CrAr 398 rRyRR) . — -
IMPLICIT DOUBLE PKRECISION (A-=Hr 0-2)
e e DIMENSION C{9)r—RR(2)
C
- C_.A_.___~M..‘,_; U U -
C IIPUTS
e G e Gl - ARRAY- OF - WINE COEFFICIENTS- — - -
C ArG LOWER ENDPOINTS OF THE TWO INTERVALS
oG e B R e UPRER CENDPCINTS O THE-TWO IMTERVALS
- C
oG —QUTPUTS SR S —— —
i C Rk ARRAY Or 1HE DE IRED TWO ROOTS ORy IN THL EVLNT OCTIC
o C . FAILED YO CONVERGE,. . THE NUMBERS CORRESPONUING TO. _THE _ _
- C SMALLEST ARSOLUTE ERROR
T o et et e oot et e e e o 1t e s e e e e e e e e e et e e e S
C PARAhtTtRS
,,,,, C—— — FE - — _ERROR JULERAHNCE, - CURRENTLY_E-=.1,D=15. s — _
. C N NUMBER OF ITERATIONSy CURRENTLY N = 200
G e _ _ R, R
C
..................... B SR-= 1D L 1 A U U e e e e e e e e e e e et e e o e et s oo
K =0
e - _...N = 200 _ R S e e
Y1 = (3- A) / ?. \
. X1 = A+ Y1 . § _ . - — e
X=X1
- —— N Ch=f - U e e e e e -
H=8
. M=1 ) S
11 = 1 ‘
. LJK =1 e o S o o I
19 CUNTINUE
20 . _EX. “C(l)+C(£)*X+C(d)*(x**2)}C(4)*(y*tﬁ)ic(J)Y(K**4)+C(6)*(x**3)“u“~_“w_mwwq
1 +C(7) Rk (X0} +C(3) ¥ (X+xT)+C () x(X*8)
c  CEXPoZC(2) 42 HC L) kX F 3k C LYk (X2 )+ o ¥C (D) R (XHkJ) 4D, kC(OY (X))
1 40%¥C (7)) R (Xx4D) 47 ¥C{3) ¥ (Xkk0)+84*4C () R (Xk*x7T)
e e I (K GEQe-0) GO TO Q0 . S
IF (AZ5(FX) .GT. ARS(FRLST)) GO TC 91
i I Fe fK o LT 0 - Gm 0 OiRie- X e 5 Tee—HI—.GO-T 091 — —
i 90 FHLEST = FX
——————— e e XGEST = X S ——
CC _
G NEWTON = -RAPHSON . ITERATION FOR REAL -ROOT OF F(X) =0 . S
C
9 IF (K 6T, 0G0 TC ] —
‘ , K=1 '
it NMAXZN R — _— — e -
' N0
el TI=FX I e ; B} . _ e
IF (.40T fBS(]) «6Te €) GO TO 4
B T AN g EQec NMAX) G0 TS -
IF (JNOT« ABS(FAP) GT. 0,) GO TO 7
e — S TR TR e e e

r=X~ (FK/FXP)




e - B Lo T e

v

NN+

e F L NOT o —ABSUT=X) 46T 40460 - TO -6 o e
» GL TO 22
e - ———
: IF‘ (X OLTQ 6 QOR' X obTo H) GU TO 86
— e GG - 22 -

5 K=3
o GO T O 22 - -
C 6 K=y
b — e GU - TO 220 ~ S - -
I ¢ K=5
e =606 - TO - 22 —
. K = 6
e 2 e CONTIMUE . e e e S
: 60 TO (20 30 40y 50, 60y 80)r K
LAY IF— (M- oEQy 2) GO-TO0-33 e e e S
: Ri1(1) = X ‘
[P ' i o § S B £ - e e e -

35 Rik(2) = X
e e = RETURN- - e S - —— — e e
- C STﬂ&T COMPUTATION ON THE INTERVAL (Qy R)
UEEE 3 MNNS50S O IS - N -
i Yi = (R-Q) / 2. L :
e X3 2 Qe Y L R J——— —— - R
1 N = NMMAX -
e KE0 _ _ S

X = X1 o

S ¢ J-= ¢ o U e
. H = R _
e MzZ2 . — - - S
GC TO 20
S 34! L oWRITE (©eb41). ool R e i

41 FORMAT (¢ ITEhA1ION FOR ROO1 dAS hOT CONVLPOEU IN N ITERATIO!S')

CIF UM WEQ.2) G0_Tu_99 U J

, RE(1) = XDEST .
e e B0 TO 100 o - — o
8By WHITE (69 Rl)erAvan

51 FCRMAT. (' UMDERFLOY Xl ITERATION v/t X=t%y 625.8 ' _ FX ='e.

1 658y Y N=vy I3, ! K =%y, 12) :

S | O € O ¢ T T o R L
: Rh(1) = XBEST
e GG -TO AU e e — et e s S
i 69 WITE (6061)
L6l FCURMAT (' DERIVATIVE- EQUALS 0y Q. _CANNOT BE. COMPUTEDY) — . - - [
i IF (M JE£G.2) 60 TO 99
s RREGLY oD KBEST: con o o e e
i GG TO 1¢C
_-m-w--wlf—-(m -e£0.2)- 60-T0-99- T

_ Rik (1) = XBEST
e L 60-TO AL S [ S

"bY OWRITE (b»ﬂl)

Bl FORMAT— (' ITERATION CANNOT -FIND -ROOT-IN -SPECIFIED- INTERVALY) —— e o

1F (M JEQ.2) GO TO 99

“~MM.MMEM4u<(1)“:.anST_w“m_mwM-HWW_wumm~m“wuw.,-_w_»_,mmwdw‘_MMMm*,hmmmmwwmw_"mwwmm

GO TO 10

B8O IF(Il. WGT.e 1)-G0 TO 82 Uy

Yi = Y1 /7 2,



- B5
L4
Xl = 6 + Y1
e X2 XY - - _—
I1 = 11 + 1
e N NMA R - —
: K =0
it G G—T 01 O
82 IF (I1 .£EQ. 3) G0 TO 9
e e Y] e e =Y —
X = X1
L g S . B — — e
N = MN4AX
SN " QU2 ¢ O
‘ GC TO 19
.99 . RK(2) .= XBEST - - - —
: RETURN :
e EWD N . . e
\
l e e S — L
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Appendix C

QUART

SOLUTION OF THE OUARTIC FOUATION
COINEXHXG + CL2)XN¥HA 4+ C(IVXXXX2 + C(L)XX + C(5)

SUBROUTINE QUART(C4XReX1)
DIMFNSTON C(5)s  XR(4)s XI(&4),
FOUIVALENCE (AQ4RQ)

IMPLICIT DOURPLF PRFCISION (A-7)
A3=C(2)/C(1) '

A2=C(3)/C(1)

A1=C(a)/C(1)

AN=C(5)/C(1)

A=A3/2.

AC(1)=1,

AC(2)=-A2

AC(RY=ATHAR4 ,%AN
AC(LY=ANR (4 % A2=-A3XAB ) =ALXAY
CALL CURTIC(AC,RTRTI) '

STFIRTIY 20410,20

IF(RT(1)-RT(2)) 11,412,412
RT(1)=RT(2)

IF(RT(1)-RT(3)) 13,20,20

RT(1)=RT(3)

B=RT(1)/2.

TE(BEB=AC) 22,22,24

Nn=n, '

CA=SAPT (A%A4D 4 XR—-AD)

GO TO 25

N=SORT (RER_AN)
CA==(A1/2e~A%RY /D

AR Y=1. "

AQ(2)=A-CA

AQ(3)=R-D

CALL QUAD(AQsXRIT) oXR(2)sXT(1})
BO(2y=A+CA :
BO(2)=R4+D

CALL QUAD(ROsXP(3) 4XR(4)4¥XT1(3))
XT(2)==XT(1)

XT(4)==XT(2)

RETURM

END

in Reference 2.

Discussion of all routines in Appendix C can.be found

000INNAT

0ON200A1
oon3nnNil
NONLONAT
o0n500AY
NONGENNAL
nONTNOAL
000800A1
000900 A1
0Ci000A1
001100A1
001200A1
001300A1
001400A1
NOTS500NA)
nnl16nnAl]
n01700A)
00180NAD
nnl19nnil
co2NnnAl
C02100A1
NO2200A1
NO2300A10
0n2400A10
nO25n0 M
NO260NAYD
nNO27n0A1
nnzenanal
NO2900A1
nNn2aNnni
002100A1
0032200A1
00320041
003400A)
0O3500A1
0Q2600A12
002700A1
NO3IBNNOAD
NO29NNAYJ
NOLONNAT]
0Ng1InnAl
00420041



aNaXaNaXa

1004

1006
1008
1010

1014

- TPATH=]

- C2.

CURIC

SCLUTION CF THE CuBIC EQUATION
AQTYRXFRZ 4+ AL2)%X + A(3)%X + A(4)

SUBROUTINF CURIC(A4XR4XT)
DIMENSTON A(4)s XR(3)s AQ(3)

IMPLICTT DOURLFE PRFCISION (A=H,J=7)

TPATH=?7

FX=1e/3,

TFLALL)) 1006,1004,1006
XR(1)=n,

GO TO 1n324

A2=AL1L)=A(])

Q=(27.*A2*ﬂ(4)—0.*A(1)*A(?)*A(3)+7.*A(2)%*3)/(54.*A2*A(1))

IF (Q) 1010,10084+1014
7=0. ’

GO TCQ 1n32

N=-0

P=(3e#A(IIRA(3)=A(P)EA(D)) /(O 20D

ARG=PXEX240%0 8

TFIARG) 101651018,1020
752 #SART(~P)*COS(ATAN(SQPT (=ARG) /Q) /3.

60 TO 1028

720 20XREX

GO TO 1028

SARG=SQRT (ARG)

IF(P) 1n22,1N02451026

7=~ (QFSARG) ¥#E X (G—~SARG) ¥%EX
GO TO 1028 %

7 (2e%0)xREX

GO TO 1028

7= (SARG-Q)#%F X (SARCHO) ¥ XFX

GO TO (1020 410%2) TPATH

7 =7
XRUT)=(2a%A (1) %¥Z2~A(2))/(3a%A(1))
AQEI)=A(1)

AOL2Y=A(2)+XR(1I%AL)
AQE3)=A(3)+XR(T)*AQ(2)

CALL DUAD(AQsXR(2) $XR(3) 5X1)
RFTURN

FND

NoON1INNAY
000200A1
000300A1
0004L0ON0ATY
000500A1
0C060NAT
NO0TH0OAL
nNOBNNAYL
CO0900A T
NN1IN0NAT
NO11N0OATL
N0120CNA1
001300A1
001400A1
00150041
001600A1
NnO1L7TNOMT
N01800A1
0N1S0N AT
NO2Nn0NAY

02100 A0

0O220001
nNN2300 A1
NN24nnpl
00250NA1
ND26NNAY
002700A1
nez28n0h01
00290NA1
CO3000OAL
N0310NA1
NO32NNA1
NN33N0AN17
003400410
NN2A5NNL]
nNN260NAD
00R700A1
003800A1
003900A1
004000A1
004100A1
004200471
NO4300N1



AN A

T QUAD : 000100AY
NON20N0A1
SOLUTTION OF THF OUADRATIC FOUATION ANNRNNAT
AQ1YeX %32 4+ A(2)V%X + A(3) = 0, nOALONAT
: : _ . ONOSNOAT
SUBROUTINFE QUAD(ASYRT 4XP24X1) NNN6NNA1L
DIMENSTION A(2) _ ‘ nnNTONA]
TMPLICIT DOURLF PRECISTION (A-7) nno8NNAL
X1==A(2)/(2%A (1)) 000GONAT
DISC=X1%X1~A(2)/A(1) _ 00100041
IFIDISCY 1n420,20 N01100A1
X2=SORT(-D15C) : g , 001200A1
XR1=X1 : . N01300A1
XR2=X: : 00140041
X1=X2 : , NO1500A1
GO TO 2N K NOYI600A]
X2=SORT(DISC) : _ NOIT7NAAY
XP1=X1+X2 , . ' ' - 0N0180NAY
XR2=¥%1-X2 . ) ‘ - 001900A)
X1=0, 00200041
RFTURN 002100A3
END o : i 00220041
-\
;.;
P
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Appendix D

Derivation of Equation 1

By conservation of angular momentum
R, x V, = R
but using Figure D1 it is apparent

IR, x vl = (|Vcl|) - (d) and
IR, x ¥, | = (Voo ) = (d)
leading to [V.,| = |V,,|

and since by definition the chordal components are along the
chordal direction

c2

cL = (D1)

<l
<

Also

H| = r2 ds . h where ¢ is defined in Figure Dl.
dt -

The equation of motion

RiR|
Q-le:
o
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Integrating

V2 _ . 92 =
—d[ dv = Y j’ T de =
Vi 81
= —h‘i f (i cos 9 + j sin ¢)dse
51
v, -7, = —% (f sin 6 - J cos o)
6
1

= > T = - M (T . _ . _
(V2R + V..) (VlR + VlC) h (1 (sin 64 sin el)

j (cos 6, - cos el))

Using Equation D1 and the identities

sin 62 - sin el = 2 cos ( 5 } sin (——??——)

il
N
0
[
B
L)
N
e
0
™
o]
~~
Nl.
e d

cOs 92 - COs 91

6,-6 0,+06 . 8,18
V2R VlR = 5 (2 sin ( 5 )) (1 cos ( 5 ) + j sin ( 5 ))

and

<l
1
<
-
)
|
Y
0
-
=
o

2R
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and R.,.

and B is along the bisector of ﬁl 2

Since B is that bisector, Al and Az are equal in
Figure D2. The triangle formed by Vﬁl, VRZ’ and B is isosceles
and

e

From the conservation of energy,

2 2
v v
—}__ -— _u__ = _2- -— H_. ' (D3)
2 Rl 2 R2
and from the cosine law,
2 _ 2 2 _
Vit =Vt Vic 2 ViR ViC cos ¢i. (D4)

Noting that r, = d/sin ¢i and substituting D4 and D2 into D3

- B o3 = - K s
VCl VRl cos ¢l d sin ¢1 VCl VRl CcOSs ¢2 a sin ¢2

- = 4 i - gi
VCl VRl (cos-¢l cos ¢2) 3 (sin ¢q sin ¢2)

sin ¢1 ~ sin ¢2 —u o1 + ¢
Vei Vr1 © @ Cos ®, - cos ¢, = —g oot 2 )

but

¢2 + ¢y = 180
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so
¢, + ¢
- 1 2, _ P
cot (—T_—) = tan %
and finally
- =k ¥
Ve1 Ve1 = Vga Voo = g tan (3)
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